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Runge—Kutta methods

From Wikipedia, the free encyclopedia

In numerical analysis, tHRunge—Kutta methodsare an important family of implicit and explicierative methods
for the approximation of solutions of ordinary éiféntial equations. These techniques were develameohd 1900
by the German mathematicians C. Runge and M.W aKutt

See the article on numerical ordinary differengigiations for more background and other methods.
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The classical fourth-order Runge—Kutta method

One member of the family of Runge—Kutta methodswisommonly used, that it is often referred toRI<4" or
simply as the Runge—Kutta method".

Let an initial value problem be specified as folfow

v = f(t,y), ylts) =wo

Then, the RK4 method for this problem is given iy tollowing equation:

h
Untl = Yn + E“Cl + 2ky 4 2ks + ky)
where

JE{:1 = .f Hngynj

h h
k! - fn " 11 _k
2 f( +2_y -I-2 1)

h h
ki, = t, + =y, + =k>
3 f( +2_y +2 _)

JE{:-L = JF {fn + h!yn +hk3j

Thus, the next valusyf+1) is determined by the present valyg) (plus the product of the size of the intervgl ¢nd
an estimated slope. The slope is a weighted averfaglepes:

= K1 is the slope at the beginning of the interval;

= ko is the slope at the midpoint of the interval, gssfopeks to determine the value gfat the pointy + h/2
using Euler's method;

= k3 is again the slope at the midpoint, but now usigslopekz to determine thg-value;
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= kg is the slope at the end of the interval, withyitsalue determined usirig.

When the four slopes are averaged, more weighténdo the slopes at the midpoint:

ky 4 2ky + 283 4+ Ky
5 .

slope =

The RK4 method is a fourth-order method, meaniiag tthe error per step is on the ordeh%fwhile the total
accumulated error has ordet

Note that the above formulas are valid for botHascand vector valued functiony can be a vector).

Explicit Runge—Kutta methods

The family of explicit Runge—Kutta methods is a giatization of the RK4 method mentioned aboves fiven by

Unt1 = Un + hzbikis

i=1
where

kl = f':fn!yn:]!
ky = f(tn + cah, yn + ao1hky)

A1

ks = flt, + c3h, yn + asihky + azhks)

A1

ks = f':fn + Csh,, Un + l':":'.5:1‘;-"’E‘:1 + a‘sih’ki + -+ a‘s,s—lh’ks—lj-
(Note: the above equations have different but exjent definitions in different texts).

To specify a particular method, one needs to pethe integes (the number of stages), and the coefficiegtgfor
1<j<i<s9),bi(fori=1,2,..5) andc (fori = 2, 3, ...5). These data are usually arranged in a mnemoniceale
known as &Runge—Kutta tableau

0

C2 a21

C3/a31 as2

Cs|asl a2 - - - ass-1
b1 b2 --- bs-1 bs

The Runge—Kutta method is consistent if
i—1

E ai;j =c fori=2,...,s.

j=1

There are also accompanying requirements if weiredfoe method to have a certain orgemeaning that the

truncation error is OP”). These can be derived from the definition oftilu@cation error itself. For example, a
2-stage method has order dif+ by = 1,bpco = 1/2, andopazg = 1/2.

Examples

The RK4 method falls in this framework. Its tablesu

2 of 4 2006-11-12 00:C



Runge—Kutta methods - Wikipedia, the free encydligoe http://en.wikipedia.org/w/index.php?title=Runge28680%93Kutta_m

1/2]1/2

1/2/10 1/2

1 /0 0 1

1/6 1/3 1/3 1/6

However, the simplest Runge—Kutta method is thendod) Euler method, given by the formwa+ 1 =yn +
hf(tn,yn). This is the only consistent explicit Runge—Kuttathod with one stage. The corresponding tabkeau i

0
1
An example of a second-order method with two stégesovided by the midpoint method

h h
Yn+1 = Un | hf (tn | E:yﬂ | af(tmyn)) .

The corresponding tableau is:

0
1/2]1/2
0 1

Usage

What follows is an example usage of a two-stagdi@kRunge Kutta method, viz.,

1/4 3/4

to solve the initial-value problem
y' = (tany)+ 1, y(l)=1, t[1,1.]]
with step sizén=0.025.

The tableau above yields the equivalent correspgneguations below defining the method:

Uy = Un
Uy = UYn ‘I‘ Q/Sh'f{fn1 H]_::I
Un+1 = Un + h(1/4f|:fn1 'UL]_:] + 3fl4f|l(fn + 2/3h1 uﬂ:]:]

to=1

yo=1

t1 =1.025
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ur=yp=1 f(to,u1) = 2.557407725 up =yp + 2 / df(to,uz) = 1.042623462

y1=Yo+h(1 /4 *f(to,u) + 3/ 4 *f(to + 2 / H,u2)) = 1.066869388

tp =1.05
up =y1 = 1.066869388 f(t1,u1) = 2.813524695 uz =y1 + 2/ f(t1,u1) = 1.113761467
y2=y1 +h(1/4*f(ty,u1) + 3/ 4 *f(t1 + 2/ H,up)) = 1.141332181

t3=1.075
up =y2 = 1.141332181 f(to,u1) = 3.183536647 uz =y + 2/ df(to,u1) = 1.194391125
y3=Yy2 +h(1/ 4 *f(to,ur) + 3/ 4 *f(to + 2/ h,up)) = 1.227417567

z=1.1

U1 =y3 = 1.227417567 f(t3,us) = 3.796866512 up =y3 + 2 / df(ta,uz) = 1.290698676

ya=y3+h(Ll/4*f(tau1) + 3/ 4 *f(tz + 2/ up)) = 1.335079087

The numerical solutions correspond to the undatlivedues. Note we calculatii,u1) to avoid recalculation in the
yiS.
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